PHAN TiCH PONG HQOC CO CAU KHONG GIAN CO KHOP CARDAN BANG
PHUONG PHAP CHIEU VUONG GOC, UNG DUNG GIAI BAI TOAN PONG
HQC NGUQC.

Mé dau

Co cau khéng gian c6 khép Cardan 1a mét co cau phuc tap. Viéc phan tich dong hoc co
cau hién nay c6 kha nhiéu phuong phap, tuy nhién né kha phic tap. Bao cdo nay dé xuat
phuong phap hinh chiéu vudng goc dé phan tich bai toan dong hoc co cau c6 khép Cardan,
gilp viéc phan tich va giai quyét bai toan bét phic tap.



1. Co sé& ly thuyét phan tich déng hoc co cau khong gian
Mi co ciu khong gian 1a mét hé co hoc chiu lién két holondém gitr va dimg, cac diéu kién
rang buoc cua né cé dang: Y1, =0 @

Ta sir dung cac toa do suy rong du qi, gz, s, ..., §r. Dé xac dinh vj tri cua co cdu f bac tu
do. Ngoai ra ta dua thém vao cic toa do suy rong du dé dé dang thiét 1ap cac biéu thuc giai
tich xac dinh vi tri cua co cau. Goi z1, 2, z3....,zr 1a cac toa do suy rong phu thuoc. Cac
phuong trinh lién két c6 dang:

fi(q1,02,...,0f,21,22,...2r)=0 (i=1+r) (2)
trong d6 z«=zx(q1,92,...,qr) (k=1+r)

Giai hé phuong trinh dai s6 phi tuyén (1.2) dé xac dinh cac ham zi va cac dao ham bac nhat,
bac hai cia n6 biang phwong phap 1ap 1a nhiém vu trung tdm cua bai toan phan tich dong
hoc co cau khong gian.

2. Phén tich dong hoc co cau khong gian bang phwong phap hinh chiéu vudng géc.
Muc tiéu cua phuong phap 14 4p dung phuwong phép chiéu vudng goc va dua vao cac toa
d6 suy rong du dé xay dung cac phuong trinh lién két ciia co cau khdng gian. Hinh 3.1 md
ta cac budc cua phuong phéap hinh chiéu vudéng goc phan tich dong hoc co cau khong gian.
Chay:

+ Khi chon hé truc toa do ¢ dinh Oxyz can theo nguyén tac: Néu khau néi gia quay xung
quanh truc ¢6 dinh, chon mat xoy song song véi truc quay. Néu khau ndi gia Ia tinh tién,
chon 1 trong 2 truc x hoic y song song véi phuong tinh tién.

+ Ddi vai mdi khau, can xac dinh goc giira hinh chiéu cua 2 truc toa do gan vai khau va
truc ox (hoic oy), truc oz. Néu c6 khép tinh tién, can chon thém toa do suy rong la dich
chuyén dai.

| X&y dung mé hinh co cdu |

I

Chon hé toa d4 of dinh Oxyz

Chon hé toa d& gin véi cic khiu

I

Chiu cor hé va cac hé truc I8n
mit phing xoy.

I

Chaon cac toa 45 suy réng

I

V&t phurong trinh Gién két dang wée tor

Chidu phirong trinh lidn kit 18n cic truc toa 35 of dink)
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¥&c dinh ma trin cosin chi huirdng mai khiu
Thiét I3 p biéu thirc vi tri, vin tde, gia the.... méi khiw.




3 phan tich d6ng hoc co ciu khong gian cé khdp Cardan

3.1 Thanh lap phuong trinh lién két
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Hinh 1. M6 hinh co cdu khong gian c6 khop cardan

Hinh m6 ta mot co cau 4 khau c6 khép Cardan hay dugc dung trong ki thuat. Chon
AB vubng goc véi SA, CD vubng goc voi DE. Khdu SAB quay quanh céac truc SA. Khéau
BC chuyén dong khong gian. Khau CD quanh quanh DE . Bt AB=I;, BC=l,, CD=ls.

Ta chon hé truc vudng goc O1&m1&1 gan véi khau SAB nhu sau: O1=A, hudng & la
hudng AB, hudng {1 AS, hudng m1 duoc chon sao cho tao thanh mét hé qui chiéu thuan.

Ta xac dinh mot mat phang IT nhu sau: Qua diém D vé mét duong thang song song Véi
truc quay SA cua khau 1 va mét duong thang tring véi truc quay DE. Hai duong cat nhau
nay xac dinh mat phang I1.

Qua O1 , v& mot dudng thang vudng goc véi mat phang IT va cit I tai O, ndi cach khac
O chinh 1a hinh chiéu caa Oy 1én IT.

Chon hé truc Oxyz véi: Gbc O 1a hinh chiéu caa A 1én I, truc z huéng theo OO, truc
x huéng DE, truc y dugc chon sao cho oxyz tao thanh mot hé qui chiéu thuan. nhu vay xoy
nam trén mit phang I1.

Chon hé toa d6 O26m02 gén véi BC va co 02 =B, & 1a huéng BC. Chon 12 theo hudng
BN, truc &2 chon sao cho hé truc tao thanh mot hé qui chiéu thuan.

Chon hé toa do Os&anals gin voi khau CDE véi: O3=D, truc {3 huéng theo DE, truc &;

huéng theo DC, truc ns dugc chon dé tao thanh mot hé quy chiéu thuan.



Chon hé toa d6 Os&mals gan voi khau MBN nhu sau O4=B, truc & huéng theo M, na
huéng theo N, truc 14 duoc chon dé tao thanh mét hé quy chiéu thuan.

Nhdn xét: Khau SAB quay quanh truc ¢é dinh SA nén ludn nam trén mit phang R di

qua A va vudng goc véi truc quay SA. Mit phang R chira OA vudng goc véi mit phang I1.
Theo tinh chat phép chiéu vudng gdc thi hinh chiéu cia mat phang R 1én IT 1a mot dudng
thang Rr , tao vai truc y mot goc khong ddi a. Hinh chiéu cia mot diém bat ky trén AB
1én I1 cling nam trén duong thang nay.
Khau CDE quay quanh truc ¢ dinh DE véi CD vuéng géc véi DE. Trong chuyén dong
quay, CD ludn nam trén mat phang R’ vudng goc voi DE. Vi DE thudce I nén R’ vudng
goc véi I1. Nhu vay hinh chiéu cia R’ 1én IT 14 mét dudng thing R’n. D& thiy R’n--DE.
Hinh chiéu cua mot diém bat ky nam trén CD 1a mét diém nam trén R’1.

Goi khoang cach giira truc x va (s 1a d, khoang cach OOx 1a h, khoang cach tir diém D

dén truc y 1a e. Trong mot co cau cu thé cac kich thude nay hoan toan xac dinh.

Theo tiéu chuan Gruebler ta c6 f= ZG: fo, —6n, — f,
i=1

Véi fg, 1asé bac tu do ciia khdp i; ne 1a s6 lugng khop; nila sé mach vong trong chudi,
f. 1as6 bac tu do thira. i véi co cau nay, ton tai mot bac tu do chuyén dong cua khau

BC quay quanh tryc ciia chinh nd. Bac ty do chuyén dong nay khéng anh huong gi dén
méi quan hé dong hoc giira ddu vao va dau ra ciia co hé. Vi vay ngudi ta thuong goi bac
tu do @6 1a bac tu do thura.

Taco: f=(1+3+3+1)-6-1=1.

Nhu vay, s6 bac ty do chuyén dong cua co cau=1.

Ta chon toa do suy rong du la ¢, chon cac toa d6 suy rong du 1a B(e), y(e), 5(¢), A(@).

Do cach chon hé truc toa do nhu trén goc a la hang s6, C’D ludn vudng goc Véi truc X,
do d6 c6 thé giam duoc 2 toa d6 suy rong néu chon xoy bt ky.

Ciing do cach chon hé toa do nhu trén ma BM lubn song song véi mat phang xoy nén
goc giira hinh chiéu cia BM va hinh chiéu cia BN 1én xoy ludn vudng. Ta giam dugc 2
toa do suy rong nita khi chon oxy bat ky. Trong vi du nay chung ta cé thé giam dugc 4 toa
do suy rong du.

Tw hinh v& ta cé phuong trinh rang budc chuyén ddng cla co ciu dang véc to:

_ — — —

OA+AB+BC+CD+DO0O=0 3.1)

Diéu kiém BM vudng gdéc vai BC:



BM.BC =0 (3.2)
Chiéu lén cac truc toa dd xyz ta dwoc cac phwong trinh:
f, =l singsina +1,cos fsiny—e=0
f, =—l;sinpcosa +1,sin gsiny —1,sin6—d =0
f;=h+1 cosp—Il,cosy-l,cos5 =0
f, =—sinacos g#sindsin A +cosasin gsinosin A —cosocosA =0

(3.3)

3.2 Gidi bai todn ddng hoc nguoc
Bai toan dét ra |a cho biét chuyén dong quay clia khau CDE(khau tac dong cudi) O = O(t),

Yéu cau tim géc quay cda khéap g =(q(t).

2 v > N x N e N N T
O day ta can tim géc quay cla khau dan, va cac toa dd suy rong du J = [(p(t) pAE) »(@) /1('[)]
Pao ham phuong trinh lién két (3.3.4) theo thoi gian ta duoc:

f, =lLgcospsina —1,Bsin fsiny +1,7cos fcosy =0

f, =-lLgcospcosa +1,/cos Bsiny +1,7sin foosy —1,5c0s5 =0

f,=h—Lgsing+l,siny +1,6sin5 =0 (3.4)
f, =sinagsin gsiny sin A —sin ey cos /4 ¢0s y sin 1 —sin a:cos/3sin yC0s A+C0Sa@cospsiny sin A
+C0Sary Sin ¢C0Sy Sin A +Cosad sin @sinycos A + ysin ycos A + Acosysin A =0

Tl hé phwong trinh (3.4.4) ta rdt ra dwoc cac ma tran Jacobi:

J, =
1, cos psin —1,sin fsin y |, cos /3 cos y 0 i
l, cosgpcosa I, cos gsiny l, sin Bcos y 0
-l sing 0 l,siny 0
(sin gsinysin Asina + (—cos gcosysin Asina + (=cos Bsinycos Asina +

cos fsinysinAcose)  sin fcosysin Acosa +sinycosA) sin £siny cosAcosa +cosysin 4) |

0
—l,cos o (3.5)
= . 3.5
| lsins
0
Theo (2.4) ta c6 cdng thirc xac dinh van téc cac khép:
<11 .
q=-JgJ,X (3.6)

Theo (1.6) ta tinh dwgc dao ham cac ma tran Jacobi theo thai gian:



_—Ilgbsin psina 1, BeosBsiny -1,y sin fcos y

| @sinpcosa 1, Bsin fsiny +1, cos fcos y

. -Lgcosp 0

Jq ) (B(cospsinc —sin fcosa)sinysin 4

0 +y(sin fsina +c0s fcosa)cosysind+ ..

A(sin Bsine +cos A cosa)sin y cos A)

1, sin fcosy — 1,5 cos Bsin y
|, cos Bcos y -1,y sin fsiny
l,ycosy

B(sin Asina +cos fcose)cos ysin A B(sin Bsina +cos fcosa)sin ycos A
. +y(cos fsina—sin fcosa)sinysin A +7cosycosA  +y(~Cos Fsine +sin fCosa)cosy cosA—ysinysin A

o O O

+A(-cos Bsina +sin fcosa)cosy cos A - Asinysin A +4(cos Asina —sin Bcosa)sinysin A+Acosycos A |

0
| Losins
“ 1L, 5coss (3.7)
0

Theo (2.8) ta c6 cdng thirc xac dinh gia téc cac khép:
4 =-J3,"(J,%+J,x-J,I;"J,X) (3.8)

Ap dung phuong phap Newton_Raphson cai tién ta Ian lwot tinh dwoc toa do, van tdc, va gia téc cac toa
dd suy rdng vai céc gid tri tham sd cla co cdu nhu sau:

h=15cm,l, =18cm,l, = 40cm, |, = 22cm,d = 20cm, e =15cm, = 45°(0.7854)
B& thdng s6 dau duwogc chon nhu sau

@, =30°(0.5236rad), 3, =1.3434(rad), , = 0.5214(rad), 5, =1.2789(rad)

Quy luat chuyén déng clia khau cusi:

o =0.79680+0.4cos(2pi*t+0.5pi);

St dung phan mém Matlab ta dé dang giai bai toan déng hoc nguoc co cau khong gian cé khép Cardan.
Mét s6 két qua dugc trinh bay trén cac d6 thj hinh 1.46 —

hinh 1.49
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Hinh 3 B4 thi van téc cia ¢ By A



Hinh 4 B 6 thi giatéc cua @ By A
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Hinh 5 Sai s6 phuong trinh lién két



